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1. Introduction

N = 8 supergravity [f[] is a remarkable theory, being the maximally supersymmetric field
theory containing gravity that is consistent with unitarity. It is a beautiful but complicated
theory containing (massless) particles of all spins (< 2) whose interactions are constrained
by a large symmetry group.

This article explores the perturbative expansion of this theory. It has been postulated
that the perturbative expansion of this theory is more akin to that of N’ = 4 super Yang-
Mills theory than expected from its known symmetries. In particular, it is hypothesised
that the one-loop amplitudes can be expressed as scalar box functions with rational coefhi-
cients [f]. We provide considerable evidence for this “no-triangle hypothesis” by examining
the behaviour of physical on-shell amplitudes.

This dramatic simplification of the one-loop amplitudes is presumably a signature of an
undiscovered symmetry or principle present in AV = 8 supergravity. These simplifications do
not occur on a “diagram by diagram” basis in any current expansion scheme, instead they
arise only when the diagrams are summed. Theories of supergravity in four dimensions are
one (and two) loop finite [fJ]. Since the box functions are UV finite, the simplifications we see
are certainly consistent with these arguments. However the cancellations are considerably
stronger than they demand: for example theories with NV < 8 supergravity are UV finite
at one-loop but the one-loop amplitudes are not merely box functions.

In this article, we consider one-loop amplitudes and care must be used in extending the
implications beyond one-loop. However, we do expect the higher loops to have a softer UV
structure than previously thought[fl]. This opens the door to the possibility that NV = 8
supergravity may, like N’ = 4 super Yang-Mills, be a finite theory in four dimensions.

2. The no-triangle hypothesis

2.1 Background: one-loop amplitudes

First we review the general structure of one-loop amplitudes in theories of massless par-
ticles. Consider the general form for an n-point amplitude obtained from, for example, a
Feynman diagram calculation !,

Mnl_IOOp(l,“‘ ,’I’L) — Z Ir[Pm(l,{kz,EZ})]? (21)

Feynman diagrams

where each I, is a loop momentum integral with r propagators in the loop and numerator
P™(1,{k;,e;}). Here k; denotes the external (massless) momenta, ¢; denotes the polari-
sation tensors of the external states and [ denotes the loop momentum. For clarity we
suppress the k; and ¢; labels. In general the numerator is a polynomial of degree m in
the loop momentum. The value of m depends on the theory under consideration. The
summation is over all possible diagrams.

We choose to organise the diagrams according to the number of propagators in the
loop, r . For r = n the integral will have only massless legs, while for r < n at least

! For simplicity we restrict ourselves to covariant gauges with Feynman gauge-like propagators ~ 1/p?



one of the legs attached to the loop will have momentum, K = k, + - - - kp, which is not
null, K2 # 0. We will call these massive legs (although it is a slight misnomer in a purely
massless theory).

An important technique for dealing with these integrals is that of Passarino-Veltman
Reduction [fJ] which reduces any r-point integral to a sum of (r — 1) point integrals (r > 4),

LIP™(1)] — Z L [P ). (2.2)

We will be evaluating the loop momentum integrals by dimensional regularisation in D =
4 —2¢ and working to O(e). In the reduction the degree of the loop momentum polynomial
is also reduced by 1 from m to (m — 1). The (r — 1) point functions appearing are those
which may be obtained from I, by contracting one of the loop legs. This process can be
iterated until we obtain four point integrals,

Lm0 — Z THGE U (2:3)

The four point integrals reduce

/

LP™ ()] — a L] + ) BP0, (2.4)

J
where we now have the “scalar box functions”, I4[1], whose loop momentum polynomials
are just unity. The coefficients ¢; are rational functions of the momentum invariants of the
amplitude (By rational we really mean non-logarithmic, since these coefficients may contain

Gram determinants.) Similarly, reduction of polynomial triangles gives scalar triangles plus
tensor bubble integral functions,

BP0 — d; B[]+ 5P, (2.5)
k

Finally we can express the tensor bubbles as scalar bubble functions plus rational terms,
IF[P™(1)] = ex I§[1] + R + O(e) (2.6)
Consequently any one-loop amplitude can be reduced to the form,

MYyP ) =3 G+ Y i+ e 5+ R+ O(e), (2.7)
ieC je€D ke&

where the amplitude has been split into a sum of integral functions with rational coeflicients
and a rational part. The sums run over bases of box, triangle and bubble integral functions:
C, D and £. Which integral functions appear in a specific case will depend on the theory
and process under consideration, as will be discussed below.



2.2 N =4 super Yang-Mills amplitudes

For Yang-Mills amplitudes the three-point vertex is linear in momentum, so generically
an r-point integral function has a loop momentum polynomial of degree r. In general,
a Passarino-Veltman reduction gives one-loop amplitudes containing all possible integral
functions.

For supersymmetric theories cancellations between the different types of particle cir-
culating in the loop lead to a reduction in the order of the loop momentum polynomial.
For N = 4 super Yang-Mills amplitudes, formalisms exist where four powers of loop mo-
mentum cancel and the generic starting point for the reduction is a polynomial of degree
m = (r — 4). This implies that the amplitude consists only of box and higher point inte-
grals which, via a Passarino-Veltman reduction (£.3), give a very restricted set of functions:
namely scalar box-functions,

AP =3 (2.8)
ieC

These cancellations can be more or less transparent depending on the gauge fixing and
computational scheme employed. In general the manifest diagram by diagram cancellation
is less than the maximal four powers. Schemes in which these cancellations are manifest
include the Bern-Kosower string based rules [ (where technically the cancellation occurs
at the level of Feynman parameter polynomials) and well chosen background field gauge
schemes [[i]. In less favourable schemes cancellations between diagrams occur relatively
late in the calculation.

2.3 N = 8 supergravity amplitudes

Computation schemes for gravity calculations tend to be rather more complicated than for
Yang-Mills as the three-point vertex is quadratic in momenta and so the loop momentum
polynomial is of degree 2r [§]. For maximal supergravity we expect to see considerable
cancellations.

In string theory, closed strings contain gravity and open strings contain gauge theories,
so the heuristic relation,

closed string ~ (open-string) x (open-string), (2.9)
suggests a relationship between amplitudes of the form,
gravity ~ (Yang-Mills) x (Yang-Mills) , (2.10)

in the low energy limit. For tree amplitudes this relationship is exhibited by the Kawai-
Lewellen-Tye relations [{]. Even in low energy effective field theories for gravity [[L]] the
KLT-relations can be seen to link effective operators [[I]. The KLT-relations also hold
regardless of massless matter content [[2]. For one-loop amplitudes we expect such relations
for the integrands of one-loop amplitudes rather than the amplitudes themselves. Indeed,
the equivalent of the Bern-Kosower rules for gravity [[L3, [[4] give an initial loop momentum
polynomial of degree,

2r—8=2(r—4). (2.11)



This power counting is consistent with the heuristic expectation of string theory.

Using this power counting, reduction for r» > 4 leads to a sum of tensor box integrals
with integrands of degree r — 4 which would then reduce to scalar boxes and triangle,
bubble and rational functions,

MyEP =" Ii+> dili+ Y exI§ +R, (2.12)
ieC j€D ke&

where we expect that the triangle functions I3 are present for n > 5, the bubble functions
I, for n > 6 and the rational terms for n > 7. Note that functions, other than the scalar
boxes, only appear after reduction.

2.4 The no-triangle hypothesis

The “No-triangle hypothesis” states that any one-loop amplitude of N' = 8 supergravity is
a sum of box integral functions multiplied by rational coefficients,

MR =" e 15 (2.13)
ieC
The hypothesis originates from explicit computations which show that despite the previ-
ous power counting arguments, one-loop amplitudes for N' = 8 supergravity have a form
analogous to that of one-loop N' = 4 super Yang-Mills amplitudes.
The first definite calculation of a one-loop amplitude for both N/ = 4 super Yang-Mills
and N = 8 supergravity was performed by Green, Schwarz and Brink [[J]. By taking the
low energy limit of string theory, they obtained the four point one-loop amplitudes:

AGSRy = st X AR 5 4y X La(s, 1)

(2.14)

M5y = stux M54 (1a(s.0) + La(s,w) + Lt w))

Here Iy(s,t) denotes the scalar box integral with attached legs in the order 1234 and
s, t and u are the usual Mandelstam variables. The above Yang-Mills amplitude is the
leading in colour contribution. For gravity amplitudes we suppress factors of & ( "2 for
tree amplitudes and ™ for one-loop amplitudes.) Although only composed of boxes, this
gravity amplitude is consistent with the power counting of 2(r — 4) with r < n.

Beyond four-point we expect to find contributions from other integral functions in ad-
dition to the boxes. However in ref. [If] the five and six-point MHV 2 amplitudes were
evaluated using unitarity techniques and shown to consist solely of box integral functions.
It was conjectured that this behaviour continued to all MHV amplitudes and an all-n ansatz

2 Amplitudes are conveniently organised according to the number of negative helicity external states.
For amplitudes with “all-positive” or “one negative the remaining positive” helicity configurations the tree
amplitudes vanish for any gravity theory and the loop amplitudes vanish for any supergravity theory. The
first non-vanishing amplitudes are those with two negative helicity gravitons, known as “Maximally Helicity
Violating” or MHV amplitudes. Amplitudes with three negative helicity gravitons are “next-to-MHV” or
NMHYV amplitudes. Amplitudes with exactly two positive helicity gravitons and the remaining negative
helicity can be obtained by conjugation and are known alternatively as “googly amplitudes” or, as used by
us, MHV.




consisting of box functions was presented. This ansatz was also consistent with factorisa-
tion. In ref. is was postulated that this was a general feature of N' = 8 amplitudes. In
ref. [[7] the hypothesis was explored for the six-point NMHV amplitude and it was shown
that the boxes alone gave the correct IR behaviour of the amplitude.

In this paper we aim to present further evidence in favour of the “no-triangle hypoth-
esis”. While we fall short of presenting a proof, we feel that the weight of evidence is
compelling. The evidence is based on IR structure, unitarity and factorisation. In the
six-point case this evidence does constitute a proof.

3. Evidence for the no-triangle hypothesis

We use a range of techniques to study different parts of the amplitude: unitarity, factori-
sation and the singularity structure of the on-shell physical amplitudes. Our arguments
are complete for n < 6 point amplitudes. Fortunately there has been considerable progress
in computing one-loop amplitudes inspired by the duality with twistor space [I[§-BI]: we
will freely use many of these new techniques.

We use arguments based on the IR divergences of the amplitude to conclude that the
one and two-mass triangles must vanish. We use a study of the two-particle cuts to deduce
that the bubble integrals are absent and, by numerically examining triple cuts, we show
that the coefficients of three-mass triangles vanish. Finally we use factorisation arguments
to discuss the rational pieces of the amplitude.

3.1 IR: soft divergences

The expected soft divergence of an n-point one-loop graviton amplitude [@] is,

one—loop
M(1,2,...,n)

- ir? Zi<j Sij 1n[—8ij] x Mtree (3.1)
soft (47‘(‘)2 2¢ (1,2,..,m) ° .

(The factors of k have been reinstated in the amplitudes within this equation.) For a general
amplitude the boxes with three or fewer massive legs, the one and two mass triangles and
the bubble integrals all have 1/e singularities which can contribute to the above.

A necessary condition for the no-triangle hypothesis is that the box contributions alone
yield the complete 1/e structure. In other words,

Z Cifi

1eC

_ 17 Zi<j Sij ln[—sij]
1/ (4m)2 2¢

XM - (3.2)

If this condition is satisfied, it implies the vanishing of a large number of the triangle
coefficients, specifically that the one and two-mass triangle functions are not present. The
one- and two-mass triangles are actually not an independent set of integral functions. As
shown in the appendix they can be replaced by a set of basis functions,

-K?)=¢ 1 In(-K?
Gek?y = SEIT 1 IR e, (3.3)

€2 €2 €



where the set of G’s runs over all the independent momentum invariants, K2, of the
amplitude. These functions plus the boxes then give the only In(—K?)/e contributions
to the amplitude since the 1/e terms in bubbles do not contain logarithms. If the boxes
completely reproduce the required singularity, the coefficients of the GG functions must be
zero and consequently the coefficients of the one- and two-mass triangles can be set to zero,

dim,i = dam,i = 0. (3.4)

Having the correct soft behaviour only imposes a single constraint on the sum of the bubble

Zei = 0, (3'5)

and, importantly, places no constraint on the three-mass triangles as they are IR finite.

coefficients,

To verify the IR behaviour, one must know the box coefficients. Fortunately, there
has been considerable progress in computing the box coefficients in gauge theory. Box
coefficients may be determined using unitarity B3, p4]. In ref. B, Britto, Cachazo and
Feng showed that quadruple cuts can be used to algebraically obtain box coefficients from
the four tree amplitudes at the corners of the cut box. Specifically, if we consider an
amplitude containing a scalar box integral function, the coefficient of this function is given
by the product of four tree amplitudes with on-shell cut legs [@],

1 . . ree “hy .
Cc = 5 Z <Mtree((—£1)hl,h,...,lz,(@z)m) X ]\4t ((—52) h2,23,...,l4,(€3)h3)
h;€S (36)

% ]\4tree((_£3)—h3’Z'B7 o6, (64)]14) X Mtree((—€4)_h4, U7y ey 08, (61)h1)> )

Here S indicates the set of possible particle and helicity configurations of the legs ¢; which
give a non-vanishing product of tree amplitudes We often denote the above coefficient by
the clustering on the legs, cl{i1-i2}{is-ia}{is-ie}.{ir-is} In the above the tree amplitudes
at massless corners require analytic continuation.

The box coefficients may also be obtained from the known box coefficients for N’ = 4
Yang-Mills [B4, [[§, [[9] by squaring and summing [B]. For example for the three-mass boxes
within the seven-point NMHV amplitude we have,

— {4+5+Y {2-3-V {gt7+ — {4+5+Y {2-3-V {gt7+ — [5+4+).{3-2-V {7te+
cj[\1[:7§4 57h{2737 1 {677} — 2593545567 C[lz’F 57h{2737 1 {677} cj[\lf_’f’ 4arh3m2m {7 6( H 7)
3.7

which allows us to obtain the A/ = 8 coefficients from the N/ = 4 box coefficients.

We have computed the IR behaviour of the six and seven-point NMHV amplitudes.
The six-point box coefficients are given in ref. [[7] and the seven-point box coefficients are
given in appendix [A]. In both cases amplitudes were constructed using these box-coefficients
and, after some computer algebra, the resultant amplitudes were found to reproduce the
complete IR behaviour. This allows us to conclude that,

dgm,i == dlm,i =0 for n = 6, 7. (38)



3.2 Two-particle cuts

A general unitarity cut of the amplitude M, (1,2,...n) in the channel carrying momentum
P = k; +...kj, is given by a sum of phase space integrals of products of tree amplitudes,

Cij =1 Y, /dLIPS(—lhb) MO ((=h) ™", (1))
hi,h2€ S (3.9)

% Mtree((_b)fh?,j +1,---,2—1, (ll)hl) )

where S’ denotes the helicities of the particles from the N = 8-multiplet that can run in
the loop. This unitarity cut is equal to the leading discontinuity of the loop amplitude,

Zcifi—i-z djfg—i-z ekI§

ieC jED ke & Disc
p (3.10)
c' .
= Z dLIPS —l ’l (3 + 7‘7 + .
/ (=11, 12) ZEZC’ (h — Kia)%(la — K;2)? j;, U —K;5) L

The sets of box and triangle functions that contribute to a given cut are denoted by C’
and D’ respectively and the single bubble function that contributes is labelled by &’. In
principle the coefficients of all the integral functions can be obtained by performing all
possible two-particle cuts. In practice it is often simpler to determine the box and triangle
coeflicients by other means before using the two-particle cuts to determine the bubble
terms. The rational pieces of the amplitude are not “cut-constructible” [B3, B4].

To show that a given integral function is absent from the amplitude we have to show
that its contribution to the cut integral vanishes. This test may be done by either evaluating
the cut integral explicitly or, equivalently, by algebraically reducing the integrand to a sum
of constant coefficients times specific products of propagators, that are the signatures of

the cuts of specific integral functions.

3.3 Bubble integrals from the two-particle cuts

In this section we will show, by explicit computation of the two-particle cuts, that all
bubble integrals in the six-point amplitudes vanish. These arguments can also be used to
show that bubble integrals are absent from all the cuts of all-n one-loop MHV amplitudes
as discussed in section (f.J).

Recently, the realisation that Yang-Mills amplitudes are dual to a twistor string the-
ory [B has given considerable impetus to gauge theory calculations. In particular, it
appears that the two-particle cuts can be efficiently calculated if expressed in spinor or
twistor variables [B(].

Consider the two-particle cut,

012:i/d,u Miree((_ll)Jr’ 17,27, (l2)+) X Méree((l1)7,37,4+’5+,6+’ (_l2)7) ) (3 11)

where dp = d*1;1d* 156 (126 (12)6W (1, — Iy — k1 — ko),



with a graviton running in the loop. We denote the integrand by Z(ly,[3). Setting l; = t¢
with £45 = AgAa, the measure becomes B3, BA],

d415600 (12) = tdt (A d\) [x di} , (3.12)

so that the cut becomes,
Clo=i / dpZ(ly,ly) =i / tdt / (AdA) [X dx} 5 (P% — tP A"\ Z(tl, —P — td)
0

o 2 2 2 (3.13)
:z’/(AdA) [AdA} 7 I< P ~_€,—P_P7~_g>’
(PaaAaAd)2 ~ \ Pyghana P AT

where P denotes the total momentum on one side of the cut. In the example above,

P = ki + ko. Powers of [; within 7 give rise to powers of ¢ which in turn give rise to extra
powers of P?/(PgA\*\%) due to the §(P? — tPyaA*A\%)-function. Thus in general the cut
will be a sum of terms with different powers of (P A*A%),

Cia /()\d)\ [AdA} XY

3.14
(PaaAexi)n’ (3.14)

The key observation of [B0, Bg] is that the different classes of integral function that con-
tribute to the cut can be recognised by the powers of (Pad)\aj\a) that are present. Generi-
cally, any term containing, 1/( aa)\“)\“)" with n < 2 in C}9 will not generate a contribution
to the coefficient of any bubble integral function. In terms of ¢, such terms correspond to
terms in Z of the form ¢ with m < 1. In the following we show that only terms of this form
arise in two-particle cuts of the six-point one-loop amplitudes and hence that no bubble
integral functions contribute to these amplitudes.

The NMHV amplitude M'71°°P(1= 27 37 4% 57 6%) has four inequivalent cuts up to
relabelling of external legs; C1o, C34, Ci23 and Cogg. Of these Cio and Cho3 are what we
call singlet cuts. These cuts vanish unless the two outgoing cut legs have the same helicity,
implying that these states can only be gravitons. These singlet cuts are thus independent
of the matter content of the theory and the absence of bubble functions is independent
of the number of supersymmetries. For the non-singlet cuts, the two outgoing cut legs
have opposite helicity and so the full N' = 8 multiplet contributes. For these cuts, bubble
functions are only absent from the N' = 8 amplitudes.

1 1
+ o - — 0+
1 1
1 1
1 1
° 1 ° ° 1 °
1 1
° 1 ° ° 1 °
1 1
1 1
1 1
+ - + 1 —
1 1
SINGLET NON-SINGLET

We now examine the four distinct cuts in turn. First we consider (193, as this is the
simplest: it is a singlet cut and the tree amplitudes that appear are either MHV or MHV



amplitudes. Explicitly the product of tree amplitudes is,

Mﬁ%ev((—ll)—i_,l_, 2_,3_, (l2)+) X Mﬁ%fv((—b)_,lf’—, 5+,6+, (ll)_)
VAL [Bl] (1) [12](23) — (311) [l1 1] (12) [23]
Y T L) ] [ 2] [ 3] [l 1] [12 2] [l2 3] [1 2] [13] [23] (3.15)
(611) [11 4] (45) [56] — [611] (11 4) [45] (56)
(11 1) (11 4) {1y 5) (11 6) (I3 4) (I2 5) (12 6) (45) (46) (56) °

X <l1 l2>8
This can be simplified to,

_ (P2s) "
[12][13][23](45) (46) (56)
(Bh] (1) [12](23) = (31) [ 1] (12) [23]) ({6 11) [11 4] 45) [56] — [6 4] (11 4) [45] (56) )
[0 1] [0 2] [l 3] (11 4) (1 5) (11 6) [T,o—1 9.5 (11 [ Pros| @] [T —a 5.6 (111 P13 y)

X

(3.16)
Substituting /; = ¢l into the above term we find a factor of 1/t* and hence there are no
bubble contributions to this cut.

Next we consider Cp34. Again the tree amplitudes are either MHV or MHV amplitudes,
but this is a non-singlet cut, so we must include a summation over the super-multiplet.
MHV(MHYV) tree amplitudes with a single pair of non-graviton particles are related to the
corresponding pure graviton amplitude by simple factors, X (h). The summed integrand is
most naturally expressed in terms of tree amplitudes with a scalar circulating in the loop

and a p-factor. Using a superscript s to denote a scalar in the loop, we have,

D M (1) 2T, 37,47, (1)) x M ((—Ip) 5T, 6T, 1, (1))
heS’
_ Mtree((_ll)s7 2—’ 3—744—’ (12)5) % Mtree((_b)s’ 5+,6+7 1—’ (11)8) Z X(h) (317)
hes'’
= px MU ((=1y)*, 27,37, 4% (I9)%) x M ((=ly)*, 5%, 67,17, (1)),

where,
o N =1 8' E a_ (ac+y)8 o <1’P234’4]8
p_,;,X(h)_ ;_:4 (4 —a)l(4+a)! (y) oty (AL Al (1) (1))

(3.18)
The factor ny, = 8!/((4 — a)!(4 + a)!) is the multiplicity within the A/ = 8 multiplet of the
states of helicity h = a/2. Rewriting the amplitude in terms of /; we can count the powers
of t. Overall the leading contributions are O(t~4), just as in the singlet case. Once again
the cut receives no contributions from bubble functions.

The remaining cuts are algebraically more complicated, but they repeat the patterns
seen above. (o is a singlet cut involving the product of a four-point MHV amplitude,
Mtree((—l1)+, 17,27, (l2)+), and a six-point NMHV amplitude, M"®((—l5)~,37,4% 5T,
6%, (l1)7). The six-point NMHYV tree amplitude has only recently been calculated using

,10,



on-shell recursion [B9-[H]. An explicit form for this amplitude as a sum of fourteen terms
is given in appendix [J.2

We will illustrate here how one of the terms gives a contribution that vanishes at large
t. The remaining thirteen terms will follow analogously and thus we see term-by-term that
this cut receives no contributions from bubble functions. The singlet 12-cut reads,

Cho :z’/d,uM4((—l1)+,1,2,(l2)+) x Mo((—1),37,4%,5%,67,(1)7),  (3.19)
where the four-point amplitude is,

o B i(12)7[12]
My((—l)*F, 17,27, (1) 1) = T () @) @l (3.20)

and the six-point amplitude is given in [[7]. We will in this example analyse the contribution
to the cut given by the term G}*[—ls,3,5,4,6,01] in the full amplitude,

M ((—l2)™,37,47,5%,6%, (1)) lans[-12,3,5,4,6,] =
053554651115 [ | Pa3s|l1)” (3.21)
(46)? (411) (611) [35)° [312] [5la] [3 | Pyss|ln) 12 | Pryss|4) [l | Praas|6)tsst,

so that the integrand of (B.19) is,

— (12)" [12] "
(11) (1) (201) (215) (1115)*
5355465111, [0 | Plyss|l)”
(46)* (4l1) (611) [35]° [3L2] [5la] [3| Piyss 1) [l2] Pross |4) 12| Pry3516)tass,

(3.22)

which can be written as,

[5]Plys5)l1)"

€ (L2) (101 (212)(201) (ol )? (411) (611 ) [3L2] [5l2] [3\3235!l1>[l2\131235\4>[52!131235!6>t35l(%’23)
where, .
C = 53354657 (12)° _ (3.24)

(46)* [35]”

3In general much less is known about gravity tree amplitudes than Yang-Mills amplitudes. Traditional
Feynman diagram approaches tend to be excessively complicated as evidenced by the computation by
Sannon [H] of the four-point tree amplitude. The KLT relations, which express the gravity amplitudes as
sums of permutations of products of two Yang-Mills amplitudes @], are an extremely useful technique,
however the factorisation structure is rather obscure and the permutation sum grows quickly with the
number of legs. Of the new techniques, the BCF recursion readily extends to gravity amplitudes [@, @]
giving useful compact results. The MHV-vertex approach of Cachazo, Svréek and Witten also extends to
gravity [@] although the correct analytic continuation of the MHV gravity vertices is only clear after using
the appropriate factorisation @] Currently, there is no Lagrangian based proof of these techniques such
as exists for Yang-Mills [@], however we have numerically checked the expressions for both MHV vertices
and recursion against the KLT expressions for amplitudes with seven or fewer points.
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Now transforming all /5 into l; using [Xls] — et,
(laly) [lal4]
575C 1
X H(|l1)) X —————, 3.25
(12)? (i) 2] [1 1] taer (3.25)
where,
Pug|l)7
() = e

(111) (211) (4l1) (611) [3|Pra|l1)[5]| Pr2|l1)[3| Pas|l1) (11 | Pra Pag |4) (I1| Pi2Pas |6)

Now we have to count the number of factors of . We get a total count of 1/¢> hence no
bubbles integral functions are present in the cut.

The remaining C'34 cut is non-singlet and so we again need to sum over the multiplet.
Explicit forms for the relevant six-point amplitudes involving an arbitrary pair of particles
plus gravitons are given in appendix [J. These tree amplitudes are each a sum of fourteen
terms. As we change the non-graviton particles, the individually terms in the amplitude
each behave like MHV amplitudes in that they collect simple multiplicative factors. Per-
forming the sum over the multiplet term-by-term we find a p-factor for each term. Just as
in the Ca34 cut, these are very important as they introduce large inverse powers of ¢t. For
most terms, p ~ 1/t%. Again we pick a sample term to illustrate the process: the other
thirteen terms follow analogously.

We will consider the cut,

Cay :i/d,u > My((—1)", 37,47, (I) ™) Me((—12)",57,67,17,27, (1) ™") . (3.26)
heS’

The four-point tree amplitude M4((—ll)h, 37,41, (lg)fh) is given by,

h - —hy _ i (13)" [123] (—113)\* %"
ML ) = Ty P () <z2z1><<123>> | (3:27)

For the six-point corner we consider a specific but representative term from the fourteen
in eq (C.2),
Ms((—12)",5%,6%, 17,27, (1) ")

(6] Pagy, [1]

(3.28)
—i (2l1) (1| Pagy, [6]® [5l5]
(15) (1l2) (5l2) (1| Pagyy |2] (1] Pasty |11](5] Past, [6](l2| Paet, 16] [26] [201] [611] taer,

The particle type dependent factors can be extracted and we find relative to the graviton
amplitude,

B i (Up) [6h] (—13)\ TP (= (12) [26] (312) + (13) [6|Paall2) \®
P Z ( 6P, [1) (l23) > B ( 16 |Pis—1,]1) (23) ) )

(3.29)
he S’
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Next we rewrite the cut in terms of the loop momenta [l using the on-shell conditions and
Iy =ls + k3 + k4. The p factor already has the correct form. The remaining contributions
to the cut integral are then,

(2| Psallo] [512]

C x H(|l2)) x [3l2] [4L2] (1| P15—1, |2](5| P15—1,|6]t15—1, (3.30)
where 2
B
~(34)2(15) [26] (3.31)
and
H(|1)) = (— (12) [26] (313) + (13) [6|P3a|l2))® -

(123) (I24) (1l2) (5l2) (6| P34ll2) [2| P3alla) (I2| P15]6] (1| Pag Paall2)

We now replace Iy by lo = t¢ = t A\ and do the t-integration. With the defini-
tions, (£|Q1]€] = (€| P3a|{] (1| P152] — s34 (£1) [2€], (€|Q2[¢] = (€| P34|¢] (5| P15|6] — s34 (£5) [64],
(0|Qs|¢) = (€|s15 P34 — s34 P15|¢], we can rewrite the cut as,

i (2| P34|€] [54]

—C x 834 x H(|I)) x (€| P34]€] x [3¢] [44] (€]Q11€] (€]Qa10] (€]Qs]4]

(3.33)

It is important to notice that the p-factor contributes (£|Ps4]¢]®, while the product of the
graviton amplitudes gives rise to 1/ (£|Ps4]€]°, with a further factor of 1/ (¢|Ps4]¢]* coming
from the integration measure. The powers of (¢|Ps4|¢] are important in that they indicate
the type of integral functions that are present. For the above term with only single poles
in the denominator, bubbles can only arise from terms carrying a factor of 1/ (¢|Ps4|€].
We therefore conclude that no bubbles are present.

By considering all distinct two-particle cuts of the six-point one-loop NMH V amplitude

we have shown that the amplitude receives no contributions from bubble integral functions.

3.4 Triple cuts

Having verified that no one or two-mass triangles or bubble integral functions are present
in the amplitude, we now consider the three-mass triangle integral function. These have no
IR singularities and so the previous arguments have nothing to say regarding their absence
or presence. In this section we illustrate how the coefficients of three-mass triangles can be
evaluated by numerically integrating triple cuts of amplitudes. Note that MHV amplitudes
do not contain triple cuts for any gravity theory so this is a previously untested class of
functions.

Consider a physical triple cut in an amplitude where all three corners are massive,




Gs= 2 / d ()8 (I3)3 )M ()™ im, -1, (=12) ")
h;€S’ (3.34)

X M((12)"2,dj41, -, (<13) ") x M((13)"2 i, - i, (1) ™),

where the summation is over all possible intermediate states. As the momentum invariants,
Ky =k, +ki,+1+ - kij etc, are all non-null, there exist kinematic regimes is which the
integration has non-vanishing support for real loop momentum. In such cases the remaining
one dimensional integral can readily be evaluated numerically. In the generic expression of
an amplitude the only integral functions contributing to the triple cut are box functions
and the specific three mass triangle for the cut,

C3 - Z ci(Ii)triplefcut + d3m(1§m)triple70ut . (335)
1
The box functions which can contribute are the two-mass-hard, three-mass and four mass.
This equation can be inverted to express the coefficient ds,, in terms of C's and the box-
coefficients.
For the six-point case the cut,

Cy= 3 [ dns@)s@IsE (1), 1.2, (1) ")
hies’ (3.36)

x My ((12)",3,4, (=13) ") x My ((l3)",5,6, (=11) "),

only receives contributions from two-mass-hard boxes, such as I3™ "2, {3,4}, {5,6}, 1], and
the three mass triangle. The triple cut of a two-mass hard box is,

- _ d'p
(IZ h)tm‘ple—cut - /pg(p _ k‘2)2(p _ kjg _ K3)2(p + k1)2 {cut
_ / d*pd((p — k2)*)6((p — ko — K3)*)0((p + k1)?) (3.37)
p2

™

- 2(ky 4 k2)% (k2 + K3)2

while the triple cut of the three mass triangle is,

4
(Ig)m)triplefcut - / d P |
p2(p _ K1)2(p + K3)2 cut

— [ d*ps(p?)s K3)2)8((p — K1)?) = —— 3.38
[ 880 + K0 = K ) = 5T (3.38)
o v
2/(K?)? + (K3)2 + (K2)® — 2(K?KZ + KIK} + K3K3)
Thus we see that,
™ ™ Com h,i
— B =C5 — = ’ ) 3.39
2V/A; ° P (k1 + k2)2 (ko + K3)? (3.39)

i
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The integral in C5 is well behaved and can be determined numerically from the tree
amplitudes. Using the box-coefficients for the six-point amplitude [l we have verified
numerically that,

dgm[{liv 27}7 {3774+}7 {5+7 6+}] =0,

dgm[{l_,éﬁ_},{2_,5"’},{3—’64-}] —0. (3.40)

The first zero is true for any (massless) gravity theory whilst the second is true only for
N = 8 supergravity.

For the seven-point amplitude we must also include three-mass boxes in the triple cut.
Using the seven-point box coefficients given in the appendix we have verified that three
mass triangles are absent in the seven-point NMHV amplitude. Explicitly,

d3m{17,27),{37,47}, {57, 6", 7"}
dym {17,271, {37,47,57},{6%,7"}
d3m [
|

)

)

{17,27,4%}, {37,5%}, {6, 7"} (3.41)

{17,47},{27,5"},{37,6",7"}

)

0
0
0
0

)

with the first three coefficients vanishing for any matter content but the last only zero for

N = 8 supergravity.

3.5 Factorisation

The unitarity constraints of the previous sections are sufficient to show the absence of
integral functions involving logarithms. This is sufficient to prove the no-triangle hypothesis
for six or fewer gravitons. At seven-point and beyond, the amplitude may, in principle,
contain rational terms which do not appear in the four-dimensional cuts. Unitarity can be
used to obtain these [ -[§] but one must evaluate the cuts fully in 4 — 2¢ dimensions.
Recently, there has been much progress in determining the rational parts of QCD one-
loop amplitudes based on the physical factorisations of the amplitudes [fJ-F1]. Gravity
amplitudes are also heavily constrained by factorisation so the absence of terms other than
boxes for six or fewer legs makes it difficult to envisage their presence at higher points.

More explicitly, consider the multi-particle factorisations. From general field theory
considerations, amplitudes must factorise (up to subtleties having to do with infrared
singularities) on multi-particle poles. For K* = kf' + ...+ k!, | the amplitude factorises
when K becomes on shell. Specifically, as K2 — 0 the factorisation properties of one-loop
massless amplitudes are described by [57],

Mé-loop K:O Z M1'100p (ki7 L) ki+r—17 K ) Mrtzrei-i-l ((_K)_)\7 ki-f-?"? te ki—l)

r+1 K2
A==+

Z‘ =100 —
M, (=K) ™ kigrs - i) (3.42)

Mt:-e‘la(k kH'T 1’K>\)K2 n—r+1

T

+ M5 (K, ”.J%H,hkﬂ) M () M ki, ki) fr Fo (K K, k) |

K2

where the one-loop “factorisation function” F, is helicity independent.
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Gravity one-loop amplitudes also have soft and collinear factorisations. In ref. [[If] it

was shown that these have a universal collinear behaviour given by,

Moot b ) 2 STl (2, e by MR P, L), (3.43)

when k, and k; are collinear. The pure graviton splitting amplitudes are,

SplitgraVity+(z,a+,b+) =0,

; 1 [a b]
S l-tgravlty + bJr — _
pli _(Z,CL ’ ) Z(l —Z) (ab> ’ (344)
. 3 b]
S l-tgravlty - b+ - _ o [a
pli +(Za a , ) 1—2 <a >
There is also a universal soft behaviour given by,

MITloop( g sE b L) ) geravity gy o pplloop g g ) (3.45)
when ks becomes soft. For the limit &k, — 0 in M(1,2,...,n), the gravitational soft
factor (for positive helicity) is,

2 (14) (4, n 1> [in]
S, = SFMW(pty) = — : 3.46
" (") (In)(n,n—1) Z (3:46)

=

Note that the collinear behaviour is only a “phase singularity” for real momenta [[Lf],
however it should be regarded as a genuine singularity when using complex momenta.

These factorisations place constraints on the rational terms R,. Since R, = 0 for
n < 6 the natural solution is R, = 0 for all n. For QCD the factorisation constraints have
been turned into recursion relations for the rational terms [, BJ]. If this bootstrap also
applies to gravity amplitudes then we would be able to immediately deduce that R,, = 0 for
N = 8 amplitudes. At present a direct calculation of the rational terms beyond six-points
seems unfeasible although there has been recent progress in producing algorithms focused
on computing the rational terms in six-point QCD amplitudes [(3, f4].

4. Checking Bubble-cuts by large-z shifts

In this section we look at a different way to test for bubble integral functions in the two-
particle cuts. This approach is based on the scaling behaviour of amplitudes under specific
shifts of the loop momenta.

Starting from equations (B.9) and (B.1(), lifting the integral implies,

Mtree((—ll)_,i, — (l2)_) % Mtree((_l2)+ j _|_ 1,---,i—1, (l1)+)
S et D ke e D). (D
iec’ 1 (2 GD'

,16,



Here D(ly,1s) is a total derivative, [ dLIPS(—Iy,l2)D(ly,l3) = 0, which may or may not be
present. Note that in the above a number of boxes and triangles may contribute but only
one bubble. Let us consider ([..1) under the shift of the two-cut legs,

Ay — Ay F 2, 5\12 — 5\12 — 25\11 . (4.2)

This shift does not change the coefficients but it does enter the propagator terms (and
possibly the D(lj,l2)). In the large-z limit the propagators will vanish as 1/z leaving
behind the bubble coefficient eg,. This suggests a test for bubble terms: if,

lim Mtree((—ll)_hl,i, e (lz)/m) % Mtree((—lg)_lm,j +1,---,1—1, (ll)hl)—> 0, (4_3)

Z—00

in the large-z limit, then,
€L = 0, (4.4)

under the assumption that the total derivative vanishes at infinity. In the following section
we discuss criteria for when this test may be used. This test is particularly useful as in
many cases it follows from the general behaviour of gravity tree amplitudes and may be

tested numerically when the tree amplitudes are known.

4.1 Relation to large t behaviour

A key step is to relate the large z behaviour to the large t behaviour of the cut parameterised
as in the previous section. In that section, following [B0, Bg|, we discussed how the integral
functions that a given term in a unitarity cut contributes to are determined by the power,
n, of 1/(PyaA\*X%)™. A term in the cut integral (B:13) can be written as a rational expression
in holomorphic and anti-holomorphic spinors A\* and A% respectively (recall these spinors
are NOT the same as the )\;; but are related via l; = tAN),

/ NN N DY\ P GNP U5 IR

_ SRR (4.5)
(Paa XA dy gy AP APAPE - AP

where the tensors Nay...aj,1...ax and dbl...bl,iyl...iym contain no factors of (Paa)\aj\a).

Since the integrand must carry spinor weight —2 in A and 5\, the counters j,k,1,m
and n obey j —l —n = -2 and k —m —n = —2. The ng,. 4, are non-vanishing for the
contractions,

Nay ...a, R LU L ()\blpblal) cee ()\bkpbkak) #0, (4.6)

and similarly for d; ; . This can always be achieved: were the above contraction to
vanish for all values of A, then the spinor obtained by contracting all but one index has to
be parallel to )\b’bek % that is,

Nay.a; X X (A Py ) s (AR Py gy ) =0 (A PA) (AP, %), (4.7)

with n’ a tensor of lower rank in A and X. We would then be able to pull out a power of
(P.aA*\%) and write the contraction of n as,

n(A ) = ' (A N) (P A2, (4.8)
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contrary to our condition that no such factors exist.
The central observation is that the power n of 1/(PagA*A*)" is related to the leading
power in large-z of \;,. The shift in ([.3) translates into a shift on the A and X of,

Ao — A 5\@ — 5\@ + 2 APy . (4.9)

The terms (Paa)\“j\a) are invariant under the shift, so the leading term at large-z is given
by,

1 P
k—m AP (4.10)
(PaaXadd)n — d(X, PA)
Using n = (k —m) + 2 one finds that the large-z scaling is,
~ "2 (4.11)

for a term with a 1/(PaA%A%)" factor. Consequently, if the product of the two tree ampli-
tudes vanishes as z — oo then this product can only be composed of terms with n < 1.
These terms do not contribute to bubble functions and hence the coefficient of the bubble
corresponding to this cut must vanish. 4

4.2 Using the large-z test for gravity amplitudes

In this section we apply the test of the previous section to the two-particle cuts for graviton
scattering in N’ = 8 supergravity. We can use the behaviour of the gravity amplitudes under
the shift (f.9) to determine the behaviour of the cut. We will need to consider two types
of cut: singlet cuts where only graviton amplitudes are needed and non-singlet cuts where
amplitudes involving other states in the supergravity multiplet contribute.

It is useful to briefly review the known results for the large-z behaviour of gravity
amplitudes under the shifts,

i — N+ Z)\j R 5\]‘ — 5\j — ZS\Z (4.12)

The scaling of a given tree amplitude depends on the helicity of the two shifted legs and
the helicity of the scattering gravitons. For MHV-amplitudes there is an explicit all-n
representation of the tree amplitudes [fg]. This can be used to show that [i0-[2],

1
hiah’ :+7+7 T T ) +7_ :Mtreez—>OON_7
(i ) = (), (= =), (=) 3 MO )
(hi,hj) :(—,—i-) : Mtree’z_)oo ~ 25,

Slightly more surprisingly this behaviour extends to NMHYV amplitudes also - at least up
to seven points where we have checked the result explicitly. It is tempting to conjecture
that this is true for all graviton tree amplitudes. We only need the behaviour up to seven

points to test for bubbles in the six and seven point amplitudes.

4Note that since there is only a single bubble in each cut, there is no possibility of cancellation. It is not
uncommon for cancellations to occur amongst the box functions appearing in a cut. The propagators of a
single box vanish as 1/22, however, as in many of the cases we consider, the leading terms cancel amongst
the boxes leaving a 1/z* behaviour as z — oo.
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We first consider the MHV case for arbitrary n. The singlet cuts are of the form,
M ()T, 17,27,3% T (o)) x M ((I) 7, (r+ 1), - omt, (1) 7). (4.14)

When we shift this we find that each tree shifts as 1/22, so the product behaves as 1/z4
at large-z and we can deduce that the bubble integral function I5(Kj. ,) has vanishing
coefficient. The non-singlet cut is more involved,

ZMtree —h 2 3+ ...r,~+’(l2)h)xMtree((—l2)7h,(T+1)+,"'n+517a(l1)h) =

Mtree((_ll) , ,3"" e T‘+, (l2)+) X Mtree((_l2)—’ (7' + 1)+ e ’I’L+, 1~ (l1)+)

x g(ézﬁzié i>”"4
)

=p X Mtree((—l1)7,2’,3+, . (l2)+) X Mtree(( 2), (r+1)7", - (ll)+),
(4.15)
where,
P <<2l2> (L) —(2h) <1l2>>8 _ <<l1 l) (12>>8 (4.16)
(201) (112) 2h) (1)) '
Under the shift the amplitudes scale as,
Muee((=1)7,27,3 ot ()T ~ 25,
. ((=1) (t2)") ) (4.17)
MY ((=l)~, (r+ )", on® 17, (1)) ~ 1/27,
however the p-factor scales, noting that (1 l2) is unshifted, as,
1
b (4.18)

and we find the non-singlet cuts scale as 1/z%, exactly as in the singlet case. Within the
sum over the multiplet ([.15) the product of tree amplitudes scales as z* for any given
state and the simplification only arises when the sum over the entire N' = 8 multiplet is
performed.

We will now discuss the possible cuts of the six and seven-point NMHV amplitudes.
For any singlet cut,

MY ((=11) 7., (o) ™) x MY (=)™, ..., (h)T), (4.19)
the trees both vanish as 1/2% under the shift (f.13) and we deduce that bubble integral

functions are absent from these cuts. Thus bubbles corresponding to singlet cuts are absent
up to seven-points.

The non-singlet cuts are more involved. For the six-point amplitude,
M(17,27,37,4%,57,6%) there are two types of cut corresponding to the cuts Czq and
C34. For the Cosy cut the amplitudes are a product of an MHV and a MHV. Summing
over the multiplet gives an overall p factor just as in the MHV case and we deduce the
coefficient of this bubble function is absent. The C34 cut is given by,

Z Mtree —h 3 4+ (lQ)h) % Mtree((_b)—h’1_72_’5+76+’(11)h) . (420)
he S’
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The amplitude involving a state of helicity h behaves as,
MEe ((=1y) 7" 17,27, 5F,6%, (1)) ~ 222, (4.21)

which is a natural refinement of ([L.1J) and can be checked using the form of the amplitude
in appendix [J. Thus the product of the two tree amplitudes in the cut (which will have
states of h) will always behave as z* and the corresponding scattering amplitude will
contain bubble functions (or boundary terms). By explicit computation it can be seen that
after including all the states from the A/ = 8 supergravity multiplet we have,

Z Mtree((_ll)—h’ 3_7 4+’ (ZQ)h) X Mtree((_h)—h’ 1_, 2_, 5+7 6+7 (ll)h) ‘Z—>oo - 07
N =8 multiplet
(4.22)

and the bubble functions drop out. This calculation shows how the sum over the multiplet
leads to the absence of bubble functions in the six-point NMHV amplitude even though
they are present in the contribution from any single state in the multiplet. For the seven-
point amplitude M (17,27,37,47,5%, 6, 71) there are three types of cut: Cazy4, C345 and
Cs4. Of these, the large z behaviour of Cs34 and Cg45 can be checked using the six-point
amplitudes verifying the absence of these bubbles.

5. Consequences and conclusions

In this paper we have given further evidence that the one-loop perturbative expansion for
N = 8 supergravity is much closer to that of N/ = 4 super Yang Mills than expected
from power counting arguments. We argue that the one-loop amplitudes are composed
entirely of box integral functions and contain “no-triangle” (or bubble or rational) integral
functions. We have provided evidence rather than a proof for this “no-triangle hypothesis”,
but the evidence amounts to a proof for the six-point amplitudes. The evidence for n-
point amplitudes with n > 7 based on unitarity, factorisation and IR behaviour is, for us,
compelling.

The cancellation we observe is not “diagram-by-diagram” - at least not in any com-
putational framework we are aware of. Individual diagrams appear to have loop momen-
tum polynomials of degree 2(r — 4) and simplification only occurs when the diagrams are
summed. The simplification observed is quite dramatic: to yield only boxes the simplifi-
cation would be equivalent to a cancellation between terms such that the leading (r — 4)
terms in the loop momentum polynomials cancel.

The “no-triangle hypothesis” applies strictly to one-loop amplitudes only. However we
expect it to have consequences for higher loops. For N' = 8 supergravity in D = 4 the four
point amplitude is expected to diverge at five loops [H]. This argument is based on power
counting and the known symmetries of the theory [B]. Specifically, the argument attempts
to estimate the power of the loop momentum integral of individual higher loop diagrams
and finds that they generically have twice the power of the equivalent Yang-Mills diagram.
Cancellations between diagrams analogous to those occuring at one-loop would lead to a
softer UV behaviour than this prediction with the theory possibly even being finite.
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Presumably there is a symmetry underlying this simplification. We are not aware of
any potential candidates for this symmetry. Although examining on-shell amplitudes has
many advantages, the nature of the underlying symmetry is obscure in the amplitudes.
The symmetries implied by the twistor duality [Bl] are one potential source, although
originally the duality seemed to involve super-conformal rather than Einstein gravity [57].
Recently twistor strings involving Einstein gravity have been constructed [Bg] and it would

3

be interesting to explore these for potential symmetries. If A = 8 were “weak-weak” dual

to a UV finite string theory then obviously the finiteness of N’ = 8 supergravity would

follow.
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A. Seven-point amplitude

The seven-point NMHV amplitude Mr(17,27,37,4% 57 67,7") can be expressed as a
sum of scalar boxes together with rational coefficients;

Ml—lOOP = Z CGIZ . (Al)

a

The scalar boxes can be of four types, three mass, two-mass-hard, two-mass-easy and one

mass shown below with our choice of labelling.

e b ¢ de f d e c d

C g a f
b a g

The coefficients of the box-functions can be obtained by unitarity [, B4]. Recently,
it was observed that the box-coefficients can be efficiently obtained from the quadruple

cut [BY),
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which yields the coefficient of the corresponding integral function,

c= % > <Mtree((—£1)_h1,il,...,ig, (62)"2) > M ((—Lo)™"2 i3, ... g, (£3)"3)

h;€S (A2)
X Mtree((_€3)_h35i5, s >i65 (64)]14) X Mtree((_€4)_h47 i75 s aiS? (61)h1)> :

In this expression the sum is over all possible states of the A/ = 8 multiplet and all
possible helicity configurations for which the four tree amplitudes are non-zero. The four
cut momenta are all on-shell, li2 = 0. If the four tree amplitudes have four or more legs then
this is solved for real momenta whereas if a corner has only three legs then the solution
involves complex momenta. Alternately the box-coefficients of N/ = 8 can be obtained
from those of N/ = 4 super Yang-Mills where for example, with the above labelling, the
coefficients of the three-mass boxes are related by,

oAb el lhal] _ g oo dotbelldeldfal | Jodcohtedh o], (A3)

To implement the quadruple cuts requires a knowledge of the tree amplitudes up to
and including six-points, where two particles are states other than gravitons. The three,
four and five points amplitudes are all MHV or MHV amplitudes and relatively simple.
For MHV amplitudes the amplitude with n — 2 gravitons and two non-graviton particles
are related to the MHV amplitude by,

— 59— ot + o+ <2“>2h_4——+ + o+
M@1,,27,37,--- ,(n=1)",n)) = e M@17,27,37,--- ,(n—=1)",n"). (A4)
For the six-point corners the tree may be MHV or NMHYV. The six-graviton NMHV tree am-
plitudes were computed recently [, [7. To complete the calculation of the box-coefficients

we also need the six-point amplitudes with two non-gravitons. These are presented in ap-
pendix [d.

A.1 Definitions

The coefficients of the boxes are expressed using spinor products. We use the notation
G = G, [j1] = (GTI7), with |i*) being massless Weyl spinors with momentum ;
and chirality & [B9]. The spinor products are related to momentum invariants by (i j) [j 7] =
2k; - kj = s;; . As in twistor-space studies we use the notation,

No= i), No= ). (A.5)

We also define spinor strings,

kK 411y = (KK 1T = (TIK k™) = (1K g1k = Z[k‘a] (al) ,

Jj n B
(kK jKm.all) = (k7 |Ki jKm.nll*) = Z Z (ka)[ab] (b1) ,
a=1i b=m
(k| Ko jKomenll] = (KK iKmenll7) = Y [ka] (ab) 1]
a=1i b=m

(A.6)
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etc. We will often use the momentum invariants s;; = (k; + k;)? and t;;, = (k; + kj + kg)%.

A.2 Three mass boxes

The three mass boxes have one graviton attached to one corner and two gravitons to each
of the others. The three-point corner is MHV while the four-point corners are MHV. This
means that all four corners are relatively simple and that different helicity configurations
are also relatively simply related. In the case of Lg there is a summation over the full
N = 8 multiplet running in the loop. We get,

c[a+, {b+7c+}7 {d_7 6+}, {f_ag_}] = Lo,

8
dat . (e ) A = = (e ) o,
8
a0 LAt N N = = (R g
a a 8
lam (bt e {d e} {f g Y] = La = (%) Lo,
C[ai’{bi’ci}’{dJr’eJr}a{erang}] = 0’ (A7)
8
R N R A
e a)a 8
clam b Y d et gt = L (%) Lo,
C[G’Jr? {bi7c+}7 {div eJr}a {fiang}] = LG
) <<ba> (el pyla) f 1K ae Fier ] — {f a) [eercra><brKderg,a1>8L
e[ Kyela) (f 9) (al Koo K aela) o
where,
. (A1)

= —SbcSdeS fg <g f>6 [ |Kb6|a>8( abctfga — SbCSfQ)Q
2 [d6]2 (bc>2 gg:bllgj (ax) y= de[y|ng|a>[y|Kbc|a>z bc< |Kderg|a> — <w|KdeKbc|a>

A.3 Two mass hard boxes

The two mass hard boxes have two adjacent three-point corners, a four-point corner and
a five-point corner. The four- and five-point corners are MHV and of the two three-point
corners one is MHV and the other is MHV. The two ways of assigning these give rise to
the G; and H; terms below. Because all corners are either MHV or MHV, the different
helicity configurations are simply related. We get,
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C[a_7 {b_7 C_}, {d+7 €+, f+}7g+] = G,

8 8
a0 et ] = Gk i = (5D ) gy (0ol g,

tabc <bC> 7fdef
] - _ (bdde)\® . ((de) ol Kaeld) \®
cla 7{b+7c+}7{d , € 7f+}7g+] =G+ Hy = T) Go + <W> Hy,

C[aJr? {b+7 C+}, {d77 e, f7}7g+] =0,

K 8 K, 8
C[(Z+, {b_a C_}a {d_’ 6+’ f+}’g+] = G3 + H3 = [a‘ abc‘d> GO + <[g’ abc’d>> HO,

tdef

8 8
clat, (b, ety {d e, f T gt = Gy + Hy = [ad] <d6>> Go + <<d6> [9|Kabc|b>> Ho,

abe <bC> tdef
8
O N R N B R N R
cla™ {b, ¢}, {d",et, fT},97] = Gs + Ho = 7(dg> o b]>8 G <—<d|KdefKabc|b>>8H0
’ ’ ’ ’ ’ ’ abc <bC> tdef ’
8
cla™, {bT,ct},{d e, fT},97] = Gr + Hy = 0.Go + (tabc (de>> Hy,
<bc> tdef
8 8
a0 Lt e o) = Ga = (S50 ) Gy ()
tabc <Cb>
8 8
a0 L o) = Ga o = (L9209 (W} Hy,
(A.8)
where,
o _Sag {be) tape(ldel (e f) [f | Kabelg)a| Kabeld) — (de) [e f][d| Kapelg)[al Kave| ) (A.9)
° 2N (a,b,c)N(d,e, f, g)lc| Kave|9) [b] Kabe|g) [a| Kape|d) [a| Kape |€) [a] Kape| f) ’
and,
oo SogSictaer ((de) [e f1 (I Kabelg)(a| Kapeld] — [de] (e f) (d| Kapelg)(a Kae| 1) (A.10)

0 - . . . . *
2(be? N(d, e, f) ;1] (i1 Kavela) 1| Ko Kaer|g],_IL 1K e Koela) 9] K apel)
Here, N(a,b,---m) = Hz‘<j,z‘,je{a,b,~~m} (ij) and N(a,b,---m) = Hi<j,i,je{a,b,---m} [i 7]

A.4 Two mass easy boxes

The two mass easy boxes have two opposite MHV three-point corners, an MHV four-point
corner and a MHV five-point corner. Again, the terms are relatively simple and related.
They are,
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C[{a’ia bi’ Ci}, d+a {6+, f+}a g+] EWO,

N O e Ly
cla b et d {et, Y gm] =W = <[C’I§::;‘g>>8wo,
l{a™ bt ¢} d (e, ) gT] =Ws = (%)Sm, )
o e (e g =W = (20D)
cl{a=,b%, ¢ty dm, {et, ), g7 =Ws = <<diib£bc]>8w
c[{a®,b" ¢ dm {em, f} g7 =0,
c{a™, 0", ¢ }d7 {e™, fT} 7] =0,
where,
Wo = (91 abe|d) [d] Kabel9))* [€ 1 (tave) (gl E avekakpke|d) — (9K abckckvkald)) (A.12)

2[abllad [bd [Toe p (@ d) (2 9) [Tomqp.cl®Kavelg) (2| Kaveld)se

A.5 One mass boxes

The one mass boxes have three three-point corners and one massive six-point corner. For
each external helicity configuration there are (one or) two internal helicity configurations
which cause the massive corner to be either MHV or NMHYV. These give rise to the F; and
P; terms, respectively. Taking the second external configuration below as an example, Fj
and P; come from,

et d et ¢t d et
It fr
F + Py +
! +,_+ g ! Lt g
b, a” b, a”

The F; terms have the same simplifications as noted above, while the calculational approach
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for the resulting P; terms is discussed below.

C[CL_, b_’ C_? {d—"_? 6+? f+?g+}] :FO + 0?

o i e s |Kabc|d8
cla”, b, {d e, fT,g7}| =F1 + P = Fy + P,
abc
cla”, b ¢ {d et fr gt =F + P = ( ) Fy + P,
(A.13)
la™ bt et Ad e 1 gt =Fy + Py = ( ) Fo + P,
cla™, b7, ¢t {d e, [T g =Fy + Py = ( ) Fy + Py,
abc
c[a+,b+,c+,{df,ef,ff,ng}] :O+P57
where,
b)2 (cb)? d K4 K,
F0: abc (CL > <C > [a’g][ 6] [f| de abc|a] +Perm(d,e,f,g). (A14)

dlad(de) (e f)(df){f9) [c|Kabel9)]s—g e glo Kave|r)

For P; we use the form of the NMHYV six-point tree amplitude in appendix [J. We
then get,

F)aybycvd7e7.} '9g ‘? 1 ‘Z 2 Z 3 _|_ Z 4 + Z 3)0 5 A-15

711 = Mo[a,b,C,d,e,f, ]

sty fed) (@b)° el ey, (101K e |e) e 91 (F 9) 91Kunele) = 1K epalg) 9 117 ) el Kanele))

2%, (ac) [d| Kacla) (e £) (f g) (€ 9) Tome,p g (cl Kabc Kepglo)d Kegglz) ’

Kaold)\®
’]'12 pr (%) MO[a/7bac7e7d7f7g]7
g

o S (et B £ g el Kanelel (el K |d) (0 9 9) — (el Epylal {9 1) (7 ] )
Lo 2agy (@) @) 4TI 91 [d0] o pglt eyl )l Kepgle) |
T4 _ [ e|Kgqlc) [b 0]2 (a b>6 SdeS fgSap

2| K pg Kagela) (ac) [del” 1L (c|Kapely] (f 9)* (g¢) (F ) 1L (c|KapeKacla)[d| K pglc)

=d
7’15 — < b>6 [ C] < > [f g] sdesfgtabcszb .
2 (ac) (el Kabrg Kaggla) (de)® (ce) TTym s o[yl Kavele) W1 Kaele) [T—a o (2] K g Katele)
(A.16)
P, and P, are related by,
P[a,b,c,d,e,f,g] _ @ s P[a,b,c,d,e,f,g} (A 17)
2 (bc) ! ) ’
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P3 is obtained by using the NMHV amplitude of Cachazo and Svréek [[E]. We then
get,

plebedeldd ZTZ (A.18)

where,

[ab]?[be]* (de) (al Kae| ] ({al K e | f] 9|Kef|d]<C|Kab|g] (e Ka|d][fg){ga)taer)

Ty =
2(ag)|de][e 1 (ge)tacs (al Kegld) 21 11 (@] Kaegly)

[ab]2[be]? (ea) ((da){c| Ko | f] + (ca)(de) ef])"
2(ca)(dg)(dc){c|Kaple][ef]*(gc) (c| Kag f]
" ((da)(c|Kap| f] + (ca)(de)[ef]) (c| Kan Keslg)gd] — (c|Kap|d][fg](gd) (a| Ky Kaglc)
(a| Ko Kaglc){c|Kap Kepld) 2 cg<C|KabKef|$>(<9a> (c|Kap| ]+ (ca)(ge)lef])

o (P bel?(g ) el Kos Kicla)”
* 7 2a|Kpeldltane(f9) (f€)* (c| Kap|dltgse (9| K e Kicla)

5 <€!Kngbc\a><g!Kfe!d]<dC> (cg)(ed){a| Kyc|d]ty e
o Kepg|d{c| Kap Kepg|z) ’

7 =

(
= eg
T = [ab]?[be]* (al Kye| f]({ce) (a| Ky g) + (ca><ef>[fg])
2(ca)[gd){cf)(fe)* 2 dg<C’Kab\x]<C\Kfe’$]
((ce)(alKiclg] + (ca)(ef)[fg]) (c| K seld)(dg) + (gc)(ed)[dg](al Kag Kcglc)
(a|KagKerle) (c|Kap K selc) (c| Kap Kqgle) ({ce)(a| Kpe|d] + (ca)(ef)[fd])
= [ab)?[bc]? (ae) (dg) [f 9]  tabe
[df][dg]<ec>tdfgm ac< ’Kdg‘f]y dg< ‘deg’y],
[ab]?[b]?(ca)” (de)" (ga)[f 9] (a| Kpc|d]

9 =
2(de) 1T (el Kaplelec){al K gy K aele) (el Kol (el Kan K ple)
1
" ({da){cl K| £] + (ca) (dg) 1) ((ce) (alKoclg] + (ca) (ed)dg])
- [ab2[bc)? (ae) (ed) (al Ky £]7 (el Kuslg]
S = 2{ca){ag)ldf {alKocld{eg)(a] Koy Kop ) (] Keg F1{] Koy Kncla)
1
* e alEoel ] + (ca)lgd) df) (ea)(clKarld) + (ca)(eg)lod])
- [ab)2[bc]?(de) {a| Kiocl /)7 dg]

,1':;) H H 9
2(dg){c| Kav | f1tabe <ge>tdeg z=d,g <$‘Kdeg‘f] y=a,c <y‘Kachdg‘e>
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79 _ [ab][be]? {ae)® (c| Kap | f](al Kpe|g]”
7 2(ca)(af)dg)(al Koeld)(ef)2(a| Ko Kagle)(al Ko Kicla) (] Kag Kpela)

. {de){ge)lal Kye|d{alKer|g] — (eg)(alKiclg]{cd){al Ke|d]
oib g (| Kegla] ((ea)(c| Kaplz] + (ca)(ef)[f])

710 _ab*[be]?(de)®[df (| Kie|g)" (ae){cg)tave (d Kerlg] + (eg){alKae|g)(c| Kap Keyld)
3 2<df> <c’Kab‘g]tabC<ef>2td€f II I <x|Kdef|g] <y|Kachdef|x>

r=d,e y=a,c

)

[ab]? [be]? (a| Kie| f]*(ce) (da)T
2(ca)(a|Kicle|(gd) (ga)[fe]* (a| KagKeglc){(al K pe Kicla) (a Kag| ]
o Lfalc|Kap|d]{ag)(d| K ye Kicla) + [fd](da){c| Kab|g](g| K ye Kbe|a)
oAb (@K e Kocla) ((cx) al Kue| £] + (ca)(we)[ef])

11 _
T =

Fi2 _ OB (o11*{ge) o) (al Kool Ul KanlddI K elg] + 1) )t el 1 lg)
2lgel(cd)[felPtyse , Ll g b (@ Kepgly]

)

[ab][bel? (ad) (a| Kye|g] ({ea) (| Kap| f] + (ca){ed)[df])"

13 _
137 =

1
" (g} [ Ka| 71+ (ca)lgd) df]) ({ce) al Kocld] + (ca){eg)gd])

2(ca) 1} (| Kb a][df)(eg) (ce) (ge) (al K gy Kegle) (el Kegl f1(c| Kap K g le) (A.19)

Py has the additional complication that we must sum over the full N' = 8 multiplet

running in the loop. We obtain a form based on P3 with relative factors for each 7.
also obtain one extra term which is not present in P;. We get,

13

Pia,b,c,d,e,f,g] _ Z (Vi T + T4, (A.20)

1
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where,

1_

4

4 =

11
Y;l_

12
Yy

13
Yy

14
7

_ (bl KGe|f]

(alKgel f]
(c|Kap|f] + (be)(de) ef]
(el Kap| f]+ (ca)(de)[ef]’

{bd)
~ (da)

_ (bl KacKgle)
(al KpeKpgle)”

(ce) (b Kaclg] + (cb){ef)[fg]

(

)

ce)(al Kpclg] + (ca)(ef)[fg]’

—~
)
=
~ ~—
—~ -

a| K| f] — (ba){ed)[df]
(ae)(a| K| f] ’
(0| Kac|f]
(a| Kpe| f17
_ (be)(a|Kic|g] + (ba)(ed)|dg]
(ea)(a|Kclg] ’
(0| Kaclg]
(a|Kpelg]’
_ (bd){a| K| f] + (ba)(de)[ef]
(da)(alKpc|f] ’
B db)
(ad)’
_ (be){c|Kap|f] + (be){ed) [df]
(ea)(c|Kap| f] + (ca)(ed)[df]’
8
= <@> ’]},6(a —c).

ca)

(A.21)

Last comes P5 which has been obtained from the amplitude of Cachazo and Svréek by

letting 5 and 6 be the internal gravitons. We get,

Pl Tl L T d o o) + B + Ba = o)

T T+ T = &) + T a = o) + T(a = c,d < )

(A.22)

+ T+ T d = ) + T3 + T3 (a = o) + T,
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where,

1 LabPoe(e ) @K eslg)” () Keglgl{al K el e] Kopld) — [de] (e] Kuplg){ad)tery)
’ 2(da)(cd) e f)[f g2 terq(d|K rgle] 1 (al Kepgla)(c] Kepyla]

)

> _ [ab]?[be]? (c| Kab|g) (f| K ae Kpela)T
° " 2(ca)(ag)(gf)2[ed|(al K yp Kqelc) (al K 1y Kocla)
Ve Kiela) (alKggle](ec) — (Fe){al Kicle] (@l Kgp Kaele)
. de<aerc\x]<arng\x](<fa><chab\x] + (ca)(fg)lgal])
- [ab]?[be]?(df)" (ea) (c| Kap 9] (a| Kie|d]
2(ca)(dc)[eg](c| Kup|e] (fe) (al Keg Kar ) (c| Ko 9] { f [ Keg Kaplc)

1
* ((da) (el K aolg] + (ca)(de) eg]) ({cf) (alKoele] + (ca)(fd)[de])”
gt [Pl () [t (e al Kol (el as K sold) + {fa)tase (e} (d] o)
2(gd) (£9)2tary , 1] 5, 1L ([ Kapgle) (| K atele) (yl Kape K ap )
5 _ [ab]2[be]?(al Kol g) (e f) (ed)
® 7 2{ca)(al K| f]{ae) (ad) g2 (a] Kae K gf]c) (al K e g]
. (e Ealglled] <da>< e| K tq Kpcla) + [ge]{de) (c| Kap|d] {al K 1y Kiela)
(al K gy Kocla) 11 | ((cx)(alKuelg] + (ca) (@ f)[fg)) (@] K rg Kicla)
6_ [ab]?[b]2 (de)tape ( f | K ae| 9]
® " 2[de][dg]leg] (fa) {fC)taeq (al K aclg](cI K ae 9] (K egld](F1 K agle]

)

(A.23)

B. Relations between box coefficients

The box-coefficients exhibit a large number of relations. As a consequence of the IR
structure many combinations can be used to create expressions for the tree amplitudes.
This has in fact been used to obtain relatively compact formulae for tree amplitudes [[d,
and gave rise to the BCFW recursion relations [BY]. Since the IR relations are satisfied,
the box-coefficients are related to the tree amplitudes and in fact yield a form of the tree
amplitude which is equivalent to that obtained via recursion. Before commencing it is
convenient to define scaled box-coefficients®,
clm[a’ b, ¢, {d, e, f, g}] Clm[a” b> G {da €, fa g}] ,
SabShc

éQm h[a’ {b, C}, {d, e, f}, g] CQm h[a7 {b7 C}7 {d7 ) f}7g] ,

Sga Labe

(B.1)

2m e b d
éQme[a? {b?c}?d’ {6? f?.g}] = ‘ [a7{ 70}7 7{67 f7g}] *
Labelbed — Sbctefg
We will also use this notation to indicate the scaled functions which define the box-
coeflicients.

5The scaling factors are essentially the momentum prefactors appearing in the integral functions.
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B.1 Expressions for tree amplitudes

For the seven-point one-loop NMHYV amplitude there are circa 1000 independent boxes
with each box coefficient containing two or more terms. We can extract the tree by looking
at the coefficient of a specific logarithm: there being three independent choices: In(—s12),
In(—s45) and In(—s34). If we take the coefficient of In(—s12) then only a subset of boxes
will contribute to this. Contained within this is a further subset where the legs 1 and 2 are

massless and the boxes are the one-mass and two-mass hard.

Mtree (F[1,2,3,4,5,6,7} {1 2})

( Fl1:243,5,6,7] 1[1,2,5,3,4,6,7} n F[1,2,6 3547 F[1,2,7 35,64 (1o 2}>
(P[l ,2,3,4,5,6,7] P[1,2,3,5,4,6,7] n P1[1,2,3,6,5,4,7} n P1[1,2,3,7,5,6,4} + {1 2}>
(G[2 345671 G[z 35,4.6,71] | G£2,3,6,5,4,7,1] n Gé[g2,3,7,5,6,4,1} 1o 2}>
(
(e

ﬁ[z 3,4,5,6,7,1] H[z 3,5,4,6,7,1] f{[2,3,6,5,4,7,1] n ﬁé£2,3,7,5,6,4,1] {1 o 2}) (B.2)

453,671 | G[Q 46,3571 G[z 4,7,3,6,5,1] Gg2,5,6,3,4,7,1}

+ o+ + + o+

+ GRATIA6A 4 GROTIAS | 2})
_'_ <ﬁ9[2747573767771] _'_ }:\{9[2747673757771] _'_ }:\{9[2747773767571] _'_ }:\{9[2757673747771]

+ GRATIA6 y gROTIASI | 2}>_

Within this set there are two subsets which each yield the tree, e.g.

F£1,2,3,4,5,6,7}+< Z Fl[l,Z,a,?,,b,cd) ( Z G[13abcd2}> +< Z Gg,a,b,s,c,d,z])

(a,b,c,d)€S1 (a,b,c,d)EST (a,b,c,d)ES2
+< 3 ﬁéz,s,a,b,c,d,ﬂ) N < 5 ﬁs[f’a’b’g’c’d’u) N ( 3 pl[z,l,s,a,b,c,d}>7
(a,b,c,d)€S1 (a,b,c,d)€S2 (a,b,c,d)€S1
(B.3)

where,

S1=1(4,5,6,7),(5,4,6,7),(6,4,5,7),(7,4,5,6)}, B4
Sy ={(4,5,6,7),(4,6,5,7),(4,7,5,6),(5,6,4,7),(5,7,4,6),(6,7,4,5)}. (B-4)
This provides a fairly compact realisation of the seven-point tree amplitude containing
twenty-nine individual terms. This collection of terms corresponds exactly to the terms
that would be obtained from a recursive calculation using legs 1 and 2 for the recursion.
The above expression has all the necessary symmetries although not all are manifest.
This subset of the box-coefficients corresponds to those terms where legs 1 and 2 are
isolated at massless corners and where these corners have the helicity structure indicated.
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1~ 2= 1~ 2” 1= 2= 1~ 27
Alternate expressions may be obtained by examining the coefficients of In(s45) and In(s34).

B.2 The coefficient of In(—t193)

A different type of relationship holds for the box-coefficients which contribute to the soft
divergence In(—t193)/e. These soft divergences are absent so the box coefficients are con-
spiring to make them cancel. There are three types of box giving this divergence: two-mass
easy, two-mass hard and one-mass. Specifically we must have,

Z Z 1— {2 B-h{at st et | T Z 01—2 3= {4+ 5% 64,71}

Z Z Z
(1,2,3) 4(4,5,6,7) (1,2,3)
(B.S)

. 2 : éZme =0
({1_72_73_}74+7{5+76+}77+) - )
Pas,6,m)

where Z denotes cyclic permutations and,
P(4,5,6,7) = {(47 57 67 7)7 (47 77 57 6)7 (47 67 77 5)7 (57 47 67 7)7 (57 47 77 6)7 (67 47 57 7)}

This relationship is indeed satisfied since,

~2mh _ ~lm
Z Z €= {2- 3=}, {4+ 5+ 6+},7+) = 2 Z €1 27,37 {4+,5%,6+,7+})
Z Z Z
(1,2,3) <(4,5,6,7) (1,2,3)
(B.6)

~2me _ ~lm
Z C{1-,2- 3714t {5+,6+},7+) = Z C(1-,27,37 {4+ 5+ ,6+},7+)
P5.6,7) Z(1,2,3)

although clearly these two constraints are considerably stronger than the single constraint

B.9).

C. Six-point tree amplitudes involving non-gravitons

To calculate the cuts of the seven-point amplitude we need the six-point NMHV amplitudes
where one pair of particles is of arbitrary type. The six-point amplitude is given in the
form,

14
M(17,27, L)y, (I2);,57,6T) ZT = A(X;)*, (C.1)
i=1

where h = 2 for a graviton, h = 3/2 for a gravitino, h = 1 for a vector, h = 1/2 for a Dirac
fermion and h = 0 for a scalar particle. The expression is also valid for negative values
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Ty

Ty=

T3

T,

T5

Ts

R=

o=

T =

T12

of h provided we recognise that this corresponds to a particle of the opposite helicity e.g.
17, = 112. The explicit forms of the T; are given by,

—i(12)" (513) [201] [56]"

0 0 (U TR, @i, 0 o 0T, 2

—i (201) (1| Rt [6]° [5l2] i (1) qu .
(15) (12) (5l2) (1P, | 2011 Pt |11)(5 P, |6)(12 | Poer, 6] [26] [201] [611]) o, | (1161, |6]
—i(12)7 (511 [215] [56]"

(172) (20) (1o I oor, a2 o, 610 Foar 6 BT 60T v, 2

i (111)7 (25)[56]" [1als)] { <1l2>] 4
(L2) (l1l2) (1[Bs6 | 2](1|Rs65)(11 |56 |6](l2 P56 6] [25] [26] tase | (111)

i (12)7 (1115) [25] [612]7 [2 [611]] 4
(15) (25) (1|Pos|11](1[Bas |12)(2|Ra5 |6](5| P25 6] [601] [1112] t125 | [6l2]

—i (111)" (215) [514] [615)" [_i<1’1315l1 !6]} 4
(15) (511) (1B, [20(1 R, [l2)(51 P51, |60 [Rs1y (6] [26] [202] t151, | (1) [612]

)
i(11Bs6l2)" ((1l2) (211) (5|Ps6|11] [202] — (111) (212) (5|Rs6 |l2] [211]) [56] [i<1’13156’ll]] 4
(16)* (56) (1|Ris6|2)(1|Pis6 |11 ](5|Fis6| 2)(5Bs6 |11)(5|Ase |12] [201] [20] [l112] t156 L (11F56]l2]

i(11Bs1, |5]7 ((15) (211) (la|Posy, |11] [25] — (111) (25) (I2|Bsy, 5] [211]) [612] [1 (I21) [5l1]} 4
(16)° (62) (1|Bosy, 1201 Bsi, [11)(12|Bost, 1212 Bsi, |5)(12|Bosu, 121 [25] [204] (51 o5y, L (11251, 18]

i (1) [5l)" ((Ll2) (25) (L1 [P, |2] [5l2] — (12) (5la) {11 |Biex, [12] [25)) [614] [i{1|Re1, |5q 4
(16)3611)(1|Rety 12111Pty |5)11 Pty 1)1 [ Rty 12001 |Bty |51 [Ro, [12] [25] [20a] t17, L (11 1) [Bla] |

i (12)° [26] [51o]" ((1l2) (51) (2|Bs |1] [5lo] — (111) (5la) (2|R a6 |l2] [511]) [Z [511]} A
(16)* (26) (1|R26|5](1|Pias |11 )1/ Pias | 12)(2| Rias | 5)(2 Pas 11 (2 Pas |l2] [511] 1112 126 L [5l2]

i (15) (211)" [56]° ((212) (11 |Rise 5] [21] [612] — (211) (12| Pise 5] [202] [611]) [Z (212>] 4
(20) (l1l) (2|Ri56]5)(2|B56|6](11 [R5 |5](11 | Pis6| 6112 | PBiss|5)(12[Rs6 6] [15] [16]° tis6 L (201)
—i (1) (201)" ((25) (11| Bosi, [12] [211] [56] + (201) (5|Bosu, [12] [25] [611]) [612]° [ (2|Bsi, ’6]] 4

(25)(501 )(2(Byst, [6](2|Rost, |12)(5| Bosty [61(51 B, [12)(01 [ B, 16101 | Rosty |12 LLa][16] sy, L (112) [612]

—i (1l1) (2|Be1, 16]7 ((25) (l2| B, [11][26] [5l2] 4 (5l2) (2|Ber, |11] [25] [612]) [Z (1)22) [651]] A
(25) (212) (512) (2|Ret, 111)(5|Pier, |6)(5|1Ret, 111 ]2 Pier, 16](12| R, [12] [16]* [11] 11, L (2161, [6]

i (12) (11|R266]" ((5l2) (11 |P26|2] [511] [612] — (5l1) (2| R26]2] [5l2] [611]) [WZ \13126\6]] 4
(511) (512) (I112) (5| Pho6|2)(5| o |6](11 | Pos|2)(l2| Piog |2)(12|Rag 6] [12] [16]* t16 L (111 Fi26]6] 2
2
where A = 4 — 2h.
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D. Integral functions

D.1 Box functions

3 o Ky 3 Ky Kg o o Ky
° °
Iim Izme Izmh
2 1 Ky 7o 1 2 1
K3 o K4 K3 K4
[ ] [ ] [ ]
g I
° 1 o
K2 o K2 K1

The scalar box integrals considered here have vanishing internal masses, but may have
up to four non-vanishing external masses. Again by external masses we mean off-shell
legs with K2 # 0. These integrals are defined and given in [f1]] (the four-mass box was
computed by Denner, Nierste, and Scharf [fJ]) and are shown in the figures above.

The scalar box integral is,

d472ep 1

— _i(4r 2—e¢ '
Iy = —i(4m) / (2m)* 7% p2 (p— K1)* (p — K1 — K2)? (p + Ka)®

(D.1)

The external momentum arguments, K;, are sums of external momenta k;. In general the
integrals are functions of the momentum invariants K? together with S = (K + K2)? and
T = (K3 + K3)?. The no-mass box is, to O(e°) ,

rr é{%[(—s)‘f + (—t)‘g] ~ In? (:—D —”2} ’

where s = (k1 + k2)? and ¢t = (ko + k3)? are the usual Mandelstam variables. The factor
rr arises within dimensional regularisation and is,

1§mp) = (D2)

1 T+ eTI?*1 —¢

@2« T( -2 (D-3)

rr =

This function appears only in four-point amplitudes with massless particles.
With the labelling of legs shown above, the scalar box integrals, I, expanded to O(e?)

for the different cases reduce to,

Im __
I =

A e
e 62{ o (D.4)

K K? 1 S w2
Lip (1 - =2 Lip (1 - =2 —In? (= —
rui(1-5) + e (1= ) e g (7) ¢ T
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o= ot { S8+ ey - R - (-rD ]

ST — KZK2| ¢
K2 K K2
L _ 2 _ 2 Lio [ 1 — 24 D.5
- s> ( 7) + (- 5) ©3)
. K  K3K3 1 ,/(S
I2mh 2TF 1 S) ¢ )¢ K2 —€ K2 —€
= =S |9 (D) (KD T - (KD
_ _ (D.6)
1 (K3 “(=K3)c 1 ,(8 : K3 : Kj
— ﬁ (_S)—E =+ 511’1 T =+ L12 1— T + L12 1-— T s
=[S () (KD - (KD - (K]
4 ST — K2K2 2 2 3 4
T2\ —€(__ 2\ —¢€
__( ) (-Ky 1 (KD (KDL (S D7)
2¢2 (=T)—¢ 2¢2 (=T)— 2 T
. K3 . K} . K3K?
+ L12< —?> + Liy (1—? — Liy 1_—ST ,
- . .
I :S—TF;){_LIQ (30 =X+ 22 +p) + Liz (3(1= M+ =)
- le( (=21 =% =) + Lip (~g(1= A = 2o +9)) (D.8)
A1 1+ —A+p
— —l — | In ,
A3 I+A =X —p
where,
p= /120 —2h + A2 20 + A3, (D.9)
and,
_ K3 K} _ K} K3
M=o A= o (D-10)

When checking the soft divergences of the seven-point amplitude we need the 1/e
singularities arising from soft singularities in the loop integration. For the boxes relevant

to the seven-point amplitude these are,

2 In(—sap) + In(—spe) — In(—tape)
abc{de _
1o =  SabShe(4T)? [ € ] ’

abo)deflg| | _ 2 In(—=sq49) + 2In(—tape) — In(—spc) — In(—tger)
|1/6 B _Sagtabc(477)2 [ 2¢ ] ’

Ia(bc)d(efg)‘ _ 2 [ln(_tabc) + ln(_tbcd)_ln(_sbc) _ln(_tefg)}
e (tabctbcd_Sbctefg)(477-)2 € ’

Jalbo)(de) (fg) | 2 [ln(—tabc)—|—ln(—tfga)—ln(—sbc)—ln(—sfg))]
1/e= (tabet fga—SbeS fq) (4T)2 2¢ '

(D.11)
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D.2 Triangle and Bubble integral functions

Triangle integral functions may have one, two or three massless legs:

The one-mass triangle depends only on the momentum invariant of the massive leg,

Iim = Z—g(—Kf)*H . (D.12)

The next integral function is the two-mass triangle integral,

rr (~K3) =~ (~K})~*
& (“K?) - (-K3)

M= (D.13)

Note that the one and two mass triangles are linear combinations of the set of functions,

(_KQ)—e

G(—K?) = rp——5—, (D.14)

€
with,

1
(—K7) — (-K3)

I" = G(-K}) . I§" = (G(=K7) - G(-K3)). (D.15)
The G(—K?) are labelled by the independent momentum invariants K2 and in fact form
an independent basis of functions, unlike the one and two-mass triangles which are not all
independent. For example, for six-point kinematics there are only twenty-five independent
options for K? corresponding to 15 independent si;'s and 10 independent ¢;;;’s, whereas
there are 15 one-mass triangles and 60 two-mass triangles.

The final scalar triangle is the three-mass integral function. The evaluation of this
integral is more involved, and can be obtained from [63, B1],

w= mn () (-(FR)] oo o

where,

5_@-@—@
1 — \/A_3 bl
5, — —Ki K5~ K5 (D.17)
VA3 ’
5y — ~-K? - K2+ K3
VA3 ’
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and
Ay = —(K?)? — (K3)® — (K2)? + 2(K?K3 + KiK? + K2K3). (D.18)

Finally, the bubble integral is,

L(K?) = 6(17%25)(_1{2)76' (D.19)
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